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1.

(a) Let F: L?[0, 7] — C be defined by

F(f) = /Ow(sin(t) + cos(t)) f(t)dt, f € L?0,7)].

Show that F' is linear, and determine ||F|.

(b) Let G : L?[0,7] — C be a bounded linear functional defined on
L2[0,7]. Does there exist some g € L2[0,7] such that G is of the
form

G(f) = 2mi /O7r et f(t)g(t)dt, f e L*[0,7]?

Justify the answer.

2. Let T be a bounded linear operator from a Banach space B into itself

with domain dom7T C 8. Show that T is closed if and only if domT is
closed.

Let % be a Hilbert space and let 7 and S be linear operators on $ for
which
(Tf9)=(f.59), f.9€9.

Show that T, S are bounded operators, and that S =T,
Hint. Use the closed graph theorem.

Let E be an infinite-dimensional normed space. Let z € E with =] =1,
and let U = span {z}. Let £: U — C be the linear functional on U such
that £(x) =1 + 2.

Does there exist some L € E’ (E' is the dual space of F) such that £ is
the restriction of L on U: L|y = ¢, and

(a) ILf=27
(b) L] =v57?
(© =57

Justify the answers!



